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a b s t r a c t 

To date, the Smoothed Particle Hydrodynamics (SPH) method which is mesh-less and fully Lagrangian in nature 

has been mainly applied in solving solid heat conduction problem and flow convection problem separately. In 

the current work, we have implemented the Weakly Compressible Smoothed Particle Hydrodynamics (WCSPH) 

method to solve internal flow problem involving fluid-solid Conjugate Heat Transfer (CHT). In order to ensure 

heat flux continuity across the interface separating two different materials, the harmonic mean value of thermal 

conductivities was adopted when modelling the heat transfer between fluid and solid bodies. On the modelling of 

non-isothermal hydrodynamically fully-developed channel flow, the Dirichlet inlet temperature boundary con- 

dition was implemented without having to build a separate temperature reset zone as proposed in the open 

literature. From the current study, we have found that the particle shifting algorithm is efficient to address the 

tensile instability problem encountered when simulating flow at high Reynolds number. The WCSPH results were 

compared against the established analytical and numerical solutions and good agreement was found. The idea 

of extending the WCSPH method to simulate the flow and heat transfer in parallel-flow and counter-flow heat 

exchangers was pursued in the current study as well. 
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. Introduction 

Conjugate Heat Transfer (CHT) happens when fluid flows over a
eat-conducting solid body. As such, both interface temperature and
eat flux cannot be prescribed beforehand as these properties are de-
endent on the instantaneous flow and wall properties. Due to the fact
hat conductive heat transfer in solid body plays a role in the overall
eat transfer within the fluid body as well, the conventional boundary
onditions such as constant heat flux and constant temperature [1–3] are
imply not applicable. In practice, CHT can be found in many engineer-
ng applications such as heat exchanger [4] , turbine blade cooling [5] ,
lectronic cooling [6] , etc. 

In order to impose the fluid-solid boundary condition for the energy
quation in CHT problem, two criteria must be satisfied: (a) temperature
nd (b) normal heat flux continuities. Depending on how these differ-
nt domains are coupled, conventional CFD methods can be classified
nto two groups, i.e. strongly- and weakly-coupled approaches [7] . In
eneral, the weakly-coupled approach is more popular as the existing
olvers can be used in simulating CHT problem upon coupling them at
he solid-liquid interface. Nevertheless, the implementation of extrap-
∗ Corresponding author. 

E-mail addresses: ngkhaiching2000@yahoo.com , khaiching.ng@taylors.edu.my (K

c  

ttps://doi.org/10.1016/j.ijmecsci.2018.12.028 

eceived 18 October 2018; Received in revised form 26 November 2018; Accepted 1

vailable online 18 December 2018 

020-7403/© 2018 Elsevier Ltd. All rights reserved. 
lation and iterative schemes in conventional CFD solver such as that
ased on the Finite Volume Method (FVM) is necessary in order to sat-
sfy the aforementioned interface boundary condition in CHT problem
8] . This has posed a great challenge to conventional CFD solvers while
mplementing the fluid-solid boundary condition for problems involving
omplex interface geometry. 

On the other hand, the Lagrangian mesh-less methods (or particle
ethod) such as Smoothed Particle Hydrodynamics (SPH) [9–11] , Mov-

ng Particle Semi-implicit (MPS) [12–17] , Dissipative Particle Dynam-
cs (DPD) [18–20] etc. have been gaining popularity in the simulation
tudy of complex fluid dynamics problems nowadays. In the absence of
rid system, the iterative convergence issue in conventional mesh-based
ethod (due to mesh quality) can be effectively resolved using the par-

icle method. According to Liu and Liu [10] , SPH is the oldest mesh-
ess particle method. In fact, SPH has been mainly used in solving free-
urface hydrodynamic flow problem as the implementations of dynamic
nd shear-free boundary conditions at the free surface are straightfor-
ard [21] . Unlike the conventional Volume of Fluid (VOF) method, the
ynamic tracking of free surface is unnecessary in SPH. Following the pi-
neering work in simulating free-surface problem using SPH [21] , many
omplex free-surface problems involving splashing, wave breaking and
.C. Ng). 
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ragmentation of water-air interface have been simulated [22–24] . In
act, the application of SPH is not limited to only free-surface problem,
ut also other problems such as those encountered in traffic manage-
ent [25] , microfluidics [26] , manufacturing process [27] , sport sci-

nce [28] , heat transfer [29] , etc. 
As compared to free-surface problems involving wave propagation,

he number of SPH works in heat transfer simulation is relatively lim-
ted in open literature. To date, SPH has been mainly used in modelling
onvection [30–37] , solid conduction [38–40] and solid-liquid phase-
hange [41–46] problems. Some novel implementations of advanced
oundary conditions in non-isothermal flow had been reported as well
47,48] . In fact, the solid-liquid phase-change problem involves CHT be-
ween fluid and solid bodies. Although the SPH solutions of solid-liquid
hase-change problems had been somehow validated with the exper-
mental data [41,44] , we found that the detailed verification of SPH
n simulating fluid-solid CHT problem alone has not been presented in
pen literature so far. On the SPH modelling of heat transfer across the
nterface of discontinuous thermal conductivity such as that observed
n a phase-change problem, the harmonic mean approach initially pro-
osed by Cleary and his co-workers in modelling natural convection
49] and conduction [40] has been commonly used in the discretized
PH equation of energy in order to ensure heat flux continuity across
he material interface. By using this formulation, some researchers have
uccessfully simulated the heat conduction problem involving four solid
aterials using an implicit time integration scheme [50] . More recently,

y using this harmonic approach, the heat transfer behavior of fluid flow
ithin a closed cavity containing multiple solid objects had been stud-

ed [51] . The temperatures of those solid objects were fixed throughout
he course of simulation. 

Seemingly, most of the non-isothermal SPH simulations reported
bove were performed in a closed system. This is mainly due to the diffi-
ulties encountered while implementing the inflow and outflow bound-
ry conditions in particle method. Very recently, the heat transfer behav-
or of nanofluid in a flow channel (with circular obstacle) has been suc-
essfully simulated using SPH [29] . The inflow boundary condition was
imulated by injecting fluid particles into the problem domain with pre-
cribed velocity and temperature. The outflow boundary condition, on
he other hand, was simulated by removing the fluid particles upon ex-
ting the problem domain. Undoubtedly, this approach requires a more
omplex programming effort. By using the periodic boundary condition
n both the inlet and outlet of the flow channel, the CHT problem in a
ow channel has been recently simulated using the energy-conserving
issipative Particle Dynamics (DPD) method [20] . While the velocity
eld was treated as fully-developed, the flow was thermally develop-

ng in the streamwise direction which was realised by fixing the inlet
emperature. The Dirichlet temperature boundary condition at the inlet
as implemented via placing a temperature reset zone at the upstream

egion of the channel inlet. That is, the particles exiting the outlet re-
nter into the temperature reset zone and their temperatures are reset
o the prescribed inlet temperature. Note, the momentum equations are
ntegrated in the temperature reset zone as well. Therefore, extra com-
utational overheads are incurred if the idea of temperature reset zone
s pursued. 

In the current work, we intend to test the performance of SPH in solv-
ng two-dimensional (2D) fluid-solid CHT problem. We focused on the
umerical framework of weakly-compressible SPH (WCSPH) method as
he pressure field can be updated explicitly without having to solve the
oisson equation of pressure iteratively. Furthermore, the WCSPH code
an be effectively parallelized. To the best of the authors’ knowledge, ex-
ensive verification work in fluid-solid CHT problem using SPH has not
een reported so far. For channel flow simulation, we implemented the
article recycling strategy (or periodic boundary condition for hydrody-
amic variables) in modelling thermally developing flow in the channel
20] . Nevertheless, unlike their approach, our current implementation
oes not require the construction of temperature reset zone before exe-
uting the simulation. Therefore, our approach should be computation-
773 
lly cheaper than the approach of Zhang and his co-workers [20] . The
PH results were then compared with those simulated from other estab-
ished method such as Finite Volume Method (FVM) and good agree-
ent has been found. Having establishing the confidence of using SPH

n simulating fluid-solid CHT problem, the idea of using SPH in sim-
lating CHT problem such as that encountered in heat exchanger was
urther pursued in the current work. 

. Mathematical models and numerical method 

The fluid physics is governed by mass conservation (continuity): 

𝑑𝜌

𝑑𝑡 
= − 𝜌∇ . 𝐯 , (1)

omentum conservation: 

𝑑𝐯 
𝑑𝑡 

= −∇ 𝑃 + 𝜇∇ 

2 𝐯 (2)

nd energy conservation (without viscous dissipation) equations: 

𝑑𝑇 

𝑑𝑡 
= 

1 
𝐶 𝑝 

∇ . ( 𝑘 ∇ 𝑇 ) . (3)

In the current work, the heat transfer within the solid region is gov-
rned by Eq. (3) as well. All solid bodies were treated as stationary;
herefore, the equations of motion Eqs. (1) and ( (2) ) were not solved for
ll solid bodies. Here, v is the fluid velocity vector, P is the fluid pres-
ure, μ is the fluid dynamic viscosity, T is the fluid/solid temperature,
is the fluid/solid density, C p is the fluid/solid specific heat and k is

he fluid/solid thermal conductivity. Note, in SPH, the total derivatives
L.H.S of Eqs. (1 - 3 )) are adopted as the flow variables are solved in the
ully Lagrangian manner. 

. WCSPH model 

.1. Discretization 

The above equations were discretized using the Smoothed Particle
ydrodynamics (SPH) method whereby extensive derivations on the
PH operators have been reported [52] . In the current work, as the fluid
as treated as weakly compressible, the fluid pressure P was written as
 function of change in fluid density: 

 = 𝑐 2 
(
𝜌 − 𝜌𝑜 

)
. (4)

Here, c is the speed of sound (10 times the maximum fluid speed in
he flow domain) and 𝜌o is the initial (reference) fluid density. 

By using SPH, the discretized continuity equation of fluid particle i
an be written as: 

𝑑 𝜌𝑖 

𝑑𝑡 
= 𝜌𝑖 

∑
𝑗 

𝑉 𝑗 
(
𝐯 𝑖 − 𝐯 𝑗 

)
⋅ ∇ 𝑖 𝑊 𝑖𝑗 + 2 𝛿ℎ𝑐 𝐷 𝑖 . (5)

The summation above takes into account the volume of neighboring
article V j ( = m j / 𝜌j ), which is robust even when simulating flow with
igh density ratio such as that encountered in the current fluid-solid
HT problem. The derivative of kernel function ∇ i W ij is taken with re-

pect to the coordinates of particle i , i.e. ∇ 𝑖 𝑊 𝑖𝑗 = 

𝑑 𝑊 𝑖𝑗 

𝑑𝑟 
. 
𝐫 𝑖𝑗 |𝐫 𝑖𝑗 | . Here, r ij 

enotes r i – r j . The 2nd term in the R.H.S. of Eq. (5) is the density diffu-
ion term introduced to remove the high frequency noise in the pressure
eld. According to Sun and his co-workers [53] , the parameter 𝛿 is not

 tunable parameter and a fixed value of 0.1 can be used for all simu-
ations. In the current work, the smoothing length h was prescribed as
.0 s, where s is the initial particle spacing. Meanwhile, the quintic spline
ernel with compact support radius ( r c ) of 3 h was adopted. Therefore,
t least 3 layers of dummy particles were placed next to the boundary
n order to ensure the full support of kernel interpolation (see Fig. 1 ).
he term D i can be expressed as: 

 𝑖 = 

∑
𝑗 

(
𝜌𝑗 − 𝜌𝑖 

)
𝑉 𝑗 

𝐫 𝑗𝑖 ⋅ ∇ 𝑖 𝑊 𝑖𝑗 ‖‖𝐫 𝑗𝑖 ‖‖2 , (6) 
‖ ‖
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Fig. 1. Extrapolation of pressure at solid/dummy b using the flow information 

of the neighbouring fluid particle i. r c is the compact support radius. 
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In the case of interacting with solid/dummy particles, no density
iffusion was applied by simply setting 𝜌j = 𝜌i . Meanwhile, the volume
f solid/dummy particles V j appeared in Equations (5) was fixed ( V j = s 2 )
hroughout the simulation. 

The acceleration of fluid particle i can be expressed as: 

𝑑 𝐯 𝒊 
𝑑𝑡 

= − 

1 
𝑚 𝑖 

∑
𝑗 

(
𝑉 2 
𝑖 
+ 𝑉 2 

𝑗 

)𝑃 𝑖 𝜌𝑗 + 𝑃 𝑗 𝜌𝑖 

𝜌𝑖 + 𝜌𝑗 
∇ 𝑖 𝑊 𝑖𝑗 

+ 

1 
𝑚 𝑖 

∑
𝑗 

(
𝑉 2 
𝑖 
+ 𝑉 2 

𝑗 

) 2 𝜇𝑖 𝜇𝑗 
𝜇𝑖 + 𝜇𝑗 

𝐯 𝒊 − 𝐯 𝒋 ‖‖‖𝐫 𝑖𝑗 ‖‖‖ ∇ 𝑖 𝑊 𝑖𝑗 ⋅
𝐫 𝑖𝑗 ‖‖‖𝐫 𝑖𝑗 ‖‖‖ (7)

Note, the pressures of neighboring solid/dummy particles P b were
xtrapolated from the fluid pressure based on the Adami’s approach
54] that satisfies momentum balance (see Fig. 1 ): 

 𝑏 = 

∑
𝑖 

(
𝑃 𝑖 − 𝜌𝑖 𝐚 𝑏 ⋅ 𝐫 𝒃 𝒊 

)
𝑊 

(‖‖𝐫 𝑏𝑖 ‖‖)∑
𝑖 𝑊 

(‖‖𝐫 𝑏𝑖 ‖‖) (8)

Here, a b = 0 as the boundaries and solid bodies were treated as sta-
ionary. The densities of neighboring solid/dummy particles 𝜌b were cal-
ulated from P b based on the state equation ( Eq. (4) ). The volume of
eighboring solid/dummy particles V b was then computed as V b = m i / 𝜌b ,
here m i is the mass of the approaching fluid particle i . In order to im-
ose the no-slip wall boundary condition, the velocity of solid/dummy
article b can be approximated by taking into account the prescribed
olid/dummy velocity v w 

[54] : 

 𝑏 = 2 𝐯 𝑤 − 

∑
𝑗∈𝑁 𝑓 

𝐯 𝑗 𝑊 

(‖‖‖𝐫 𝑏𝑗 ‖‖‖)∑
𝑗∈𝑁 𝑓 

𝑊 

(‖‖‖𝐫 𝑏𝑗 ‖‖‖) , (9)

here N f is the number of neighbouring fluid particles. This method is
ttractive as the boundary surface normal information is not required.
ote, the summation term on the R.H.S. of Eq. (9) indicates that the local
uid velocity is extrapolated to the position of solid/dummy particle b .

Finally, the discretized energy equation for both fluid and solid bod-
es can be written as: 

𝑑 𝑇 𝑖 

𝑑𝑡 
= 

1 
𝜌𝑖 𝐶 𝑝 

∑
𝑗 
𝑉 𝑗 

4 𝑘 𝑖 𝑘 𝑗 
𝑘 𝑖 + 𝑘 𝑗 

𝐫 𝒊 𝒋 ⋅ ∇ 𝑖 𝑊 𝑖𝑗 ( ‖‖‖𝐫 𝑖𝑗 ‖‖‖2 + 0 . 01 ℎ 2 
) 

(
𝑇 𝑖 − 𝑇 𝑗 

)
(10)

By using the harmonic mean of thermal conductivities, the above
ormulation is readily applicable for computing the heat flux between
aterials of different thermal conductivities [40] . In the current study,
774 
he Dirichlet boundary condition was imposed by calculating the tem-
erature of dummy particle based on Eq. (9) upon replacing v with T .
he dummy particles are skipped (i.e. T i = T j in Eq. (10) ) if the boundary

s adiabatic. 
The velocity-Verlet scheme was used to integrate the differential

quations in time: 

 𝑖 
𝑛 + 1 2 = 𝐯 𝒊 𝑛 + 

Δ𝑡 
2 

( 

𝑑 𝐯 𝒊 
𝑑𝑡 

) 𝑛 

(11)

 𝑖 
𝑛 + 1 2 = 𝐫 𝑖 𝑛 + 

Δ𝑡 
2 
𝐯 𝑖 
𝑛 + 1 2 (12)

 𝒊 
𝑛 + 1 2 = 𝑇 𝒊 

𝑛 + 

Δ𝑡 
2 

( 

𝑑 𝑇 𝒊 

𝑑𝑡 

) 𝑛 

(13)

𝒊 
𝑛 +1 = 𝜌𝒊 

𝑛 + Δ𝑡 
( 

𝑑 𝜌𝒊 

𝑑𝑡 

) 𝑛 + 1 2 
(14)

 𝑖 
𝑛 +1 = 𝐫 𝑖 

𝑛 + 1 2 + 

Δ𝑡 
2 
𝐯 𝑖 
𝑛 + 1 2 (15)

 𝑖 
𝑛 +1 = 𝐯 𝒊 

𝑛 + 1 2 + 

Δ𝑡 
2 

( 

𝑑 𝐯 𝒊 
𝑑𝑡 

) 𝑛 +1 
(16)

 𝒊 
𝑛 +1 = 𝑇 𝒊 

𝑛 + 1 2 + 

Δ𝑡 
2 

( 

𝑑 𝑇 𝒊 

𝑑𝑡 

) 𝑛 +1 
(17)

Here, the superscript n denotes the time level. Due to the nature of
he fully explicit time integration scheme implemented in the current
ork, the time step size, Δt was restricted in the following manner for

tability purpose: 

𝑡 = min 

( 

0 . 125 
𝜌𝑜 ℎ 

2 

𝜇
, 0 . 25 

√ 

ℎ ‖‖a i ‖‖𝑚𝑎𝑥 , 0 . 25 ℎ 𝑐 , 0 . 5 
𝜌𝑠 𝐶 𝑝,𝑠 ℎ 

2 

𝑘 𝑠 

) 

, (18)

here ‖a i ‖max is the maximum acceleration in the flow field and the
ubscript s denotes solid body. 

The positions of fluid particles were updated according to Eq. (15) .
evertheless, as demonstrated in our test case later, we noticed that the
PH solution became unstable in regions characterized by large flow
radient (e.g. in the near-wall boundary layer). The particles within
his region became highly anisotropic and their spatial configurations
ere non-uniform. In fact, this phenomenon is more noticeable at higher
eynolds number. In order to regularize the positions of SPH fluid parti-
les, the use of shifting method is relatively popular [55,56] as compared
o other methods such as constant background pressure [57] and arti-
cial pressure [58] . In the current work, we implemented the shifting
lgorithm reported in the recent 𝛿-plus SPH method [53] : 

 𝑖 
𝑛 +1 , ∗ = 𝐫 𝑖 𝑛 +1 + 𝜹𝐫 𝑖 𝑛 +1 , (19)

here r i 
n + 1, ∗ is the shifted particle position and 𝜹r i 

n + 1 is the displace-
ent vector defined as: 

𝐫 𝑖 𝑛 +1 = −2 𝑐ℎ ||𝐮 𝑚𝑎𝑥 ||∑
𝑗 

⎡ ⎢ ⎢ ⎢ ⎣ 1 + 𝑅 

⎛ ⎜ ⎜ ⎜ ⎝ 
𝑊 

(‖‖‖𝐫 𝑖𝑗 ‖‖‖)
𝑊 ( 𝑠 ) 

⎞ ⎟ ⎟ ⎟ ⎠ 
𝑛 

∇ 𝑖 𝑊 𝑖𝑗 𝑉 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ (20)

It is noted that the term 𝑅 ( 𝑊 ( ‖𝐫 𝑖𝑗 ‖) 
𝑊 ( 𝑠 ) ) 𝑛 is inherited from the artificial

ressure formulation [58] . Here, if the neighbouring particle is a fluid
article, V j is defined as the averaged fluid volume: V j = 2 m j /( 𝜌i + 𝜌j )
ntroduced to ensure momentum conservation [53] . Otherwise, V j = s 2 .
ollowing the original work of artificial pressure [58] , R and n were set
o 0.2 and 4, respectively. As reported in the 𝛿-plus SPH method, the
bove shifting algorithm is not very sensitive to the specific choices of
 and n . In the current work, we did not interpolate the flow variables
nto the new (or shifted) particle positions as the effect had been found
o be small [59] . 

In short, the current numerical procedure can be summarized as: 
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Fig. 2. Handling of inlet Dirichlet boundary 

condition. (a) Temperature reset zone [20] es- 

tablished at the upstream region of the channel 

inlet is used to reset the temperatures of parti- 

cles that re-enter through the channel inlet. (b) 

Our current approach without using tempera- 

ture reset zone. I is the index of the background 

cell in the x -direction. 
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Step 1: From the current time level n , compute the velocities and po-
sitions of SPH fluid particles at the intermediate time level n + 

1 
2 

using Eqs. (11) and (12) , respectively. 
Step 2: Compute the temperatures of SPH fluid and solid particles at

the intermediate time level n + 

1 
2 using Eq. (13) . 

Step 3: Update the densities of SPH fluid particles at new time level
n + 1 using Eq. (14) . Based on the updated density values, obtain
the pressures of SPH fluid particles using Eq. (4) . 

Step 4: Update the positions of SPH fluid particles at new time level
n + 1 using Eq. (15) . 

Step 5: By using the updated positions from Step 4, compute the
velocities of SPH fluid particles at new time level n + 1 using
Eq. (16) . 

Step 6: Compute the temperatures of SPH fluid and solid particles at
new time level n + 1 using Eq. (17) . 

Step 7: Reposition the SPH fluid particles using the shifting algorithm
outlined in Eq. (19) . 

Step 8: Repeat Step 1 to Step 7 until the desired time level is reached.

.2. Handling of isothermal inlet boundary condition in a 

ydrodynamically fully-developed channel 

For simulating a hydrodynamically fully-developed flow in a chan-
el, one may resort to applying the periodic boundary condition for the
ydrodynamic variables in the streamwise direction. However, for non-
sothermal problem, as the temperature varies along the streamwise di-
ection due to the heat exchange between the fluid and the non-adiabatic
hannel wall, the use of periodic boundary condition is improper for the
emperature variable. In order to resolve this issue, the temperature re-
et zone has been placed at the upstream region of the channel flow
nlet [20] . While recycling those exiting particles back to the problem
775 
omain, those particles are forced to pass through the temperature reset
one so that their temperatures are reset to the desired inlet temperature
 T inlet ). The idea is illustrated in Fig. 2 (a). Here, no heat exchange was
llowed between the particles in the temperature reset zone and those
n the channel flow domain to avoid heat diffusion between these two
ones. 

Following the above approach of Zhang and his co-workers [20] , the
emperature reset zone must be built before a simulation is started. Since
he momentum and continuity equations are solved for particles within
he temperature reset zone as well, this would impose additional compu-
ational overhead on the SPH flow solver. In the current work, we found
hat it was unnecessary to construct the temperature reset zone. Since
e have established the background cells for particle searching purpose,
e kept the lists of particles that lie adjacent to the periodic faces ( I = 1
nd I = NMAX). As shown in Fig. 2 (b), if a particle from I = 1 interacts
ith that from I = NMAX, the neighbouring temperature of particle at

 = NMAX is fixed at the desired inlet temperature (i.e. setting T j = T inlet 

n Eq. (10) ). In the current work, we still rely on the particle recycling
trategy in simulating the hydrodynamically fully-developed flow. Once
he exiting particles re-enter the flow domain from the inlet boundary,
heir inlet temperatures are modified to become T inlet . This extra treat-
ent would enable us to simulate the heat diffusion from an isothermal

nlet without having to build an external temperature reset zone. This
dea is verified in the next section. 

. Results and discussions 

In order to test our implementation of our non-isothermal SPH
olver, we have simulated a series of test cases before venturing into
olving the more complex fluid-solid conjugate heat transfer problem.
irstly, we tested our present SPH solver in simulating the unsteady heat
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Fig. 3. Dimensionless particle temperature ( T ∗ = ( T - 
T C )/( T H - T C )) at t = 0 s, 40 s, 80 s and 180 s (from left 

to right). T H = 200 °C and T C = 0 °C. 
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onduction in a homogeneous solid body. Next, we tested the capabil-
ty of Eq. (10) in handling heat transfer within multiple solid bodies
ade from different materials. The idea of simulating the heat diffu-

ion from an isothermal inlet was then tested by simulating the non-
sothermal Poiseuille flow in a flow channel. The temperatures of the
hannel walls were fixed. Having verified the implementation of isother-
al inlet temperature boundary condition, the fluid-solid conjugate heat

ransfer problem was simulated and the result was verified with the
ore established finite volume solution obtained from ANSYS FLUENT.

inally, the current method was used to simulate the heat transfer pro-
esses in the parallel-flow and counter-flow heat exchangers. 

.1. Transient heat conduction in a homogeneous solid 

In this section, we intend to simulate the transient heat conduction
roblem in a solid body. At t = 0 s, the temperature of the square domain
f length L = 2 cm was T H = 200 °C. The temperature of the upper wall
as then abruptly decreased to T C = 0 °C at t > 0 s and meanwhile the

ower wall was set as adiabatic. The left and right boundaries were peri-
dic. A total of 10 ×10 SPH particles were used to simulate this simple
eat conduction problem and the result was then compared against the
nalytical temperature solution [ °C]: 

 ( 𝑦, 𝑡 ) = 

−800 
𝜋

∞∑
𝑛 =1 

( −1 ) 𝑛 +1 

2 𝑛 − 1 
exp 

( 

− 

𝑘 

𝜌𝐶 𝑝 

𝜆2 
𝑛 
𝑡 

) 

cos 
(
𝜆
𝑛 
𝑦 
)

(21)

here 𝜆
𝑛 
= 

2 𝑛 −1 
2 𝐿 𝜋. The density, thermal conductivity and heat capacity

erms appeared in the above equation were set as 𝜌= 1.0 kgm 

− 3 , k = 10
m 

− 1 K 

− 1 and C p = 1 ×10 7 Jkg − 1 K 

− 1 , respectively. 
Fig. 3 shows the distributions of dimensionless particle temperature

 T ∗ = ( T - T C )/( T H - T C )) at different time levels. The decrease of solid tem-
erature is evident during the entire cooling process. In order to verify
he current SPH implementation, we have compared our simulated di-
ensionless temperatures along the y -direction against the analytical

olutions at different time levels as shown in Fig. 4 . A very good agree-
ent has been found. 

.2. Heat conduction in multiple solids 

Next, we intend to solve the heat conduction problem in multiple
olid bodies. Here, the problem domain of size 4 m x 1 m consisting of
hree solid bodies (see Fig. 5 ) was considered. The sizes of the right and
eft solid bodies were identical (i.e. 1 m x 1 m). Several thermophysical
roperties of these three solid bodies such as density and heat capacity
ere assumed to be similar: 𝜌= 1.0 kgm 

− 3 , and C p = 1 ×10 3 Jkg − 1 K 

− 1 .
evertheless, the thermal conductivity of the middle solid body was
rescribed as k = 2 Wm 

− 1 K 

− 1 , which was 5 times lower than those of
he other solid bodies. The total number of solid particles was 1600
 s = 0.05 m). 

In order to simulate the 1D heat conduction, the top and bottom
oundaries were treated as periodic. The right and left wall temper-
tures were set to T H = 420 K and T C = 300 K, respectively. The initial
emperatures of the solid bodies were set to T and the simulation was
C 

776 
arried out until the steady-state condition was achieved ( t = 2000 s).
ig. 5 shows the distribution of dimensionless particle temperature
 T ∗ = ( T - T C )/( T H - T C )) at steady-state condition. As seen, the tempera-
ure contrasts in solid bodies of higher thermal conductivity (i.e. left and
ight solid bodies) are less evident than that of lower thermal conduc-
ivity (middle solid), revealing the fact that heat can be travelled more
asily in material of higher thermal conductivity. The numerical solu-
ions of temperature were compared against the theoretical solutions in
ig. 6 and good agreement has been found. 

.3. Transient poiseuille flow 

In this Section, we intend to verify our present non-isothermal SPH
olver by simulating the Poiseuille flow problem involving heat trans-
er. This problem had been previously simulated using the energy-
onserving DPD particle method [20] . In particular, the 2D rectangu-
ar flow channel of size 200 m x 20 m was considered. In this problem,
he lower left corner of the flow channel was treated as the origin (0 m,
 m). The size of SPH fluid particle was set to 1.0 m (i.e. 4000 fluid
articles inside the flow domain). The following fluid properties were
onsidered: μ= 0.248 Nsm 

− 2 , 𝜌= 1.00 kgm 

− 3 , k = 131,914.89 Wm 

− 1 K 

− 1 

nd C p = 1 ×10 5 Jkg − 1 K 

− 1 . The fluid was subjected to an external accel-
ration f x = 8 u max μ/ ( 𝜌W 

2 ), where W is the channel width ( W = 20 m). By
etting the maximum x -velocity u max as 8.08 ms − 1 , the flow Reynolds
umber is Re = 𝜌u max W / μ= 652. For the velocity boundary condition,
he left and right boundaries were set as periodic while the top and bot-
om boundaries were treated as no-slip walls. On the other hand, for
he temperature boundary condition, the top and bottom boundaries
ere set as isothermal ( T = 420 K), while the outflow (right) boundary
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Fig. 5. Steady-state particle dimensionless tempera- 

ture distribution ( T ∗ = ( T - T C )/( T H - T C )) for multi-solid 

heat conduction problem. T H = 420 K and T C = 300 K. 
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as treated as adiabatic. The temperature of the inflow (left) boundary,
owever, was fixed at T o = 300 K. Meaning to say, when the recycling
trategy was implemented to relocate the exiting particles into the flow
omain through the inlet boundary, the temperature of this relocated
777 
article was reset to T o . The simulation was executed until t = 2000 s to
nsure that the steady-state condition was achieved. 

In fact, the long-term simulation of Poiseuille flow problem has
osed a significant numerical challenge for standard SPH (SSPH) at high
eynolds number. At the current Re , we found that the flow was initially
table whereby the fluid particles moved in an ordered row fashion.
evertheless, as time progresses, some agitations in the spanwise (or
ertical) velocity field were noticeable near the wall region and these
gitations would ultimately spoil the laminar flow structure as seen in
ig. 7 at t > 150 s. This observation is agreeable with that reported by
60] , and they have highlighted that the agitated flow near the wall
ould spread into the inner flow region. More recently, Meister and
is co-workers [61] have experienced the same instability problem and
hey found that the steady-state laminar flow state can only be attained
f Re < 65. In order to defer the instability to higher Re , they reported
hat additional numerical treatment such as spanwise velocity suppres-
ion could be employed. Unfortunately, this treatment could not pre-
ent the break-up of smooth laminar structure from occurring. In the
urrent work, we implemented the shifting algorithm ( Eq. (19) ) and
t was found that the laminar structure remained stable at t = 2000 s
steady-state condition) as shown in Fig. 8 . Fig. 9 shows the spanwise
elocity distributions in the y -direction upon activating the shifting al-
orithm. As seen, the spanwise velocity is significantly lesser than that of
he standard SPH (SSPH) method. Meanwhile, the mid-stream x -velocity
onverges to the theoretical solution as demonstrated in Fig. 10 . 

Fig. 11 shows the steady-state temperature and x -velocity distribu-
ions. The uniform velocity profile is evident in the anticipated fully-
eveloped flow condition. Due to the presence of heated walls, the fluid
emperature increases monotonically along the streamwise direction.
Fig. 7. Time evolutions of particle v -velocity 

for Poiseuille flow problem ( Re = 652) at (a) 

t = 0 s, (b) t = 50 s, (c) t = 100 s, (d) t = 150 s and 

(e) t = 2000 s. Standard SPH (SSPH) with no 

particle shifting is used. 
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Fig. 8. Time evolutions of particle v -velocity 

for Poiseuille flow problem ( Re = 652) at (a) 

t = 0 s, (b) t = 50 s, (c) t = 100 s, (d) t = 150 s and 

(e) t = 2000 s. Present SPH with particle shift- 

ing is applied. 
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eemingly, the thickness of the thermal boundary layer grows along the
ow direction as well. Therefore, it is anticipated that the heat trans-

er rate is more intense near the inlet region where the thickness of the
hermal boundary layer is the minimum (highest temperature gradient).
n order to verify the current implementation, we have compared the
 -velocity distributions with the analytical solutions at different time
evels and good agreement has been found as outlined in Fig. 12 . The
iscrepancies between the SSPH and the analytical solutions is evident
t t ≥ 200 s. We have also compared the simulated temperature profiles
t different flow sections spanning from x = 5 m to x = 195 m with those
f the high-resolution Finite Volume Method (FVM) (MUSCL scheme in
NSYS FLUENT) as shown in Fig. 13 . Again, the agreement is promising.
s seen from Fig. 13 , the near-wall temperature gradient decreases as

he flow travels downstream, due to the thickening of thermal boundary
ayer. 
778 
.4. Fluid-Solid conjugate heat transfer in thick-wall flow channel 

This test case is similar to the one discussed earlier in Section 4.3 ,
xcept that the upper and lower walls were replaced by two thick
eat-conducting solid bodies. The size of the solid body was 200 m x
0 m. The fluid properties were similar to those of the previous case,
.e. μ= 0.248 Nsm 

− 2 , 𝜌= 1.00 kgm 

− 3 , k = 131,914.89 Wm 

− 1 K 

− 1 and
 p = 1 ×10 5 Jkg − 1 K 

− 1 . For the solid bodies, the thermophysical prop-
rties were similar to those of the fluid body except that the solid ther-
al conductivity k s could be increased up to 5 k at certain simulation

onditions. Here, the subscript s denotes the solid body. 
Similar to the previous test case, the simulation was executed until

 = 2000 s in order to attain the steady-state condition. Fig. 14 shows the
teady-state x -velocity distribution within the flow channel. The flow
nters the flow domain through the left boundary at the inlet temper-
ture of T o = 300 K. Here, it is important to note that the solid parti-
les were stationary during the simulation, except that the extrapolated
elocity vectors were assigned onto the solid particles adjacent to the
uid-solid interface during the viscous force calculation. Also, the pres-
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Fig. 11. Steady-state dimensionless temperature T/T o (top) and x -velocity [m/s] (bottom) distributions of non-isothermal Poiseuille flow problem. T o = 300 K. 
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ures of these solid particles were updated according to the approach
utlined in Eq. (8) . 

Firstly, we made a qualitative comparison between the results ob-
ained from SPH and FVM methods for two different Reynolds num-
ers: Re = 65.2 ( Figs. 15 and 16 ) and Re = 652 ( Figs. 17 and 18 ). The
ig. 14. Geometry layout and steady-state x -velocity ( u ) distribution [m/s] in the 

tationary heat-conducting solid bodies. 

779 
ow Reynolds number was adjusted by simply manipulating the exter-
al acceleration f x imposed on the fluid particles. For all the test cases
onsidered here, the top and bottom edges of the problem domain were
sothermal: T = 420 K. The left and right edges of the solid bodies, how-
ver, were treated as adiabatic. As the solid temperature was essentially
igher than the incoming fluid temperature ( T o = 300 K), the fluid un-
erwent heating operation and thus the temperature increased along
he streamwise direction. As expected, as the solid thermal conductiv-
thick-wall flow channel. The top and bottom rectangular regions indicate the 



K.C. Ng, Y.L. Ng and T.W.H. Sheu et al. International Journal of Mechanical Sciences 151 (2019) 772–784 

Fig. 15. Comparison of temperature distribution [K] in the thick wall flow channel. Re = 65.2 and k s /k = 1. Top: FVM (ANSYS FLUENT); Bottom: present SPH. 

Fig. 16. Comparison of temperature distribution [K] in the thick wall flow channel. Re = 65.2 and k s /k = 5. Top: FVM (ANSYS FLUENT); Bottom: present SPH. 

i  

o  

t  

e  

t  

t

 

t  

c  

f  

s  

f  
ty increases ( k s / k = 5), the heating effect is more pronounced and the
utlet fluid temperature is higher (see Figs. 16 and 18 ). Nevertheless,
he outlet fluid temperature drops as the Re increases, as the convective
ffect of the incoming cold particles is now more dominant. All in all,
he temperature distributions predicted by using SPH are comparable to
hose of FVM. 
780 
Next, the spanwise variations of temperature at different flow sec-
ions: x = 50 m, 100 m and 150 m predicted using SPH and FVM were
ompared. At Re = 65.2 (see Fig. 19 ), the overall temperature solution
or SPH is not sensitive to the particle resolution as long as the particle
ize s is below 2.0 m. Note, for the case of Re = 652 (see Fig. 20 ), it was
ound that the particle resolution should be set to at least s < 1.429 m
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Fig. 17. Comparison of temperature distribution [K] in the thick wall flow channel. Re = 652 and k s /k = 1. Top: FVM (ANSYS FLUENT); Bottom: present SPH. 

Fig. 18. Comparison of temperature distribution [K] in the thick wall flow channel. Re = 652 and k s /k = 5. Top: FVM (ANSYS FLUENT); Bottom: present SPH. 
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n order to avoid numerical instability from occurring (unphysical span-
ise velocity agitation near the wall). As shown in Figs. 19 and 20 (b),

he sensitivity of particle resolution on the temperature result is some-
hat more pronounced near the fluid-solid interface when k s / k = 5,
hich is partly due to the abrupt change of temperature gradient near

he interface and the smoothing effect when post-processing the SPH
b  

781 
esults on the fixed mesh layout. Overall, the agreement between SPH
nd finite volume solutions is promising. 

.5. Counter-Flow and parallel-flow heat exchangers 

Lastly, we applied the SPH method in simulating the heat exchange
etween two flow streams separated by a solid heat conductor. Fig. 21



K.C. Ng, Y.L. Ng and T.W.H. Sheu et al. International Journal of Mechanical Sciences 151 (2019) 772–784 

 

0

5

10

15

20

25

30

35

40

1.25 1.3 1.35 1.4

y 
[m

]

T/To

present SPH (s = 1 m)

present SPH (s = 2 m)

FVM (s = 1 m)

Fig. 19. Steady-state temperature distributions at x = 50 m, 100 m and 150 m 

for k s /k = 5. Re = 65.2 and T o = 300 K. Temperature increases along the x - direc- 

tion. 

s  

T  

0  

p
a  

k  

t  

a  

N  

fl  

c  

fl  

t
 

T  

A  

u  

t  

h  

i  

t  

e  

t  

h  

h

(a)

0

5

10

15

20

25

30

35

40

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4

y 
[m

]

T/To

present SPH (s = 1 m)
present SPH (s = 1.429 m)
FVM (s = 1 m)

 
(b) 

0

5

10

15

20

25

30

35

40

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4

y 
[m

]

T/To

present SPH (s = 1 m)
present SPH (s = 1.429 m)
FVM (s = 1 m)

Fig. 20. Steady-state temperature distributions at x = 50 m, 100 m and 150 m 

for (a) k s /k = 1 and (b) k s /k = 5. Re = 652 and T o = 300 K. Temperature increases 

along the x - direction. 

5

 

t  

d  

F

i

hows the geometrical layout of a typical counter-flow heat exchanger.
he sizes of the flow channels and solid heat conductor were 2.0 m x
.1 m. The particle size was set as s = 0.01 m. For this problem, the fluid
roperties are μ= 0.15 Nsm 

− 2 , 𝜌= 1000.00 kgm 

− 3 , k = 10.00 Wm 

− 1 K 

− 1 

nd C p = 25.00 Jkg − 1 K 

− 1 . For the solid heat conductor, 𝜌s = 8000.00
gm 

− 3 , k s = 50.00 Wm 

− 1 K 

− 1 and C p, s = 500.00 Jkg − 1 K 

− 1 . The fluid par-
icles at the bottom (cold) and top (hot) flow channels were driven by
n external force of f x = ± 0.012 ms − 2 and f x = 0.024 ms − 2 , respectively.
ote, the external force acting on the particles in the bottom (cold)
ow channel was reversed when modelling the counter-flow heat ex-
hanger as seen in Fig. 21 . The inlet temperatures of the hot and cold
ow streams were T H = 800 K and T C = 300 K, respectively. The simula-
ion was carried out until t = 2000 s. 

Fig. 22 shows the dimensionless temperature distributions ( T ∗ = ( T -
 C )/( T H - T C )) within the counter-flow and parallel-flow heat exchangers.
s seen, the fluid particles in the bottom flow channel constantly pick
p the heat conducted from the upper hot streams and hence the fluid
emperature increases along the streamwise direction. Meanwhile, the
eat loss occurred within upper hot stream is manifested by its decreas-
ng temperature pattern along the streamwise direction. Fig. 23 shows
he temperature patterns along the centrelines of the flow channels. It is
vident that the outlet temperature of the bottom (cold) flow stream for
he counter-flow heat exchanger is higher than that for the parallel-flow
eat exchanger, showing that the heat transfer efficiency of counter-flow
eat exchanger is indeed better. 
ig. 21. Geometry layout and x -velocity ( u ) distribution [m/s] at t = 2000 s for the 

nlets, respectively. The middle rectangular region indicates heat-conducting solid bo

782 
. Conclusion 

In this paper, a weakly-compressible SPH solver has been developed
o simulate fluid-solid Conjugate Heat Transfer (CHT) problem. In or-
er to resolve the heat flux continuity across the interface separating
counter-flow heat exchanger. Red and blue arrows indicate hot and cold flow 

dy. 



K.C. Ng, Y.L. Ng and T.W.H. Sheu et al. International Journal of Mechanical Sciences 151 (2019) 772–784 

Fig. 22. Dimensionless particle temperature ( T ∗ = ( T - T C )/( T H - T C )) at t = 2000 s for parallel-flow (top) and counter-flow (bottom) heat exchangers. Red and blue 

arrows indicate hot and cold flow inlets, respectively. T H = 800 K and T C = 300 K. 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.5 1 1.5 2

T*

x [m]

Fig. 23. Streamwise dimensionless temperature ( T ∗ = ( T - T C )/( T H - T C )) distribu- 

tions along the centrelines of the hot and cold flow streams. Solid line: parallel- 

flow heat exchanger. Dotted line: counter-flow heat exchanger. 

t  

h  

h  

w  

d  

d  

(  

t  

z  

t  

a  

b  

a  

S  

i  

s  

i  

w
 

s  

h  

b  

m  

t  

s

A

 

p

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[  

 

[  

 

[  

[  

 

[  

 

[  

[  

[  

 

he fluid and solid bodies, the harmonic mean of thermal conductivities
as been used. We have applied the above formulation in simulating
eat transfer problem in a hydrodynamically fully-developed channel
hereby the periodic boundary condition has been used for the hy-
rodynamic variables. Nevertheless, in order to simulate the thermally-
eveloping flow in the channel, we have relied on the background mesh
used for neighbour searching) to model the Dirichlet inlet tempera-
ure boundary condition, without having to build the temperature reset
one at the upstream region of the flow inlet beforehand. For verifica-
ion purpose, we have tested the SPH solver on simple problems such
s solid heat conduction in homogeneous and heterogeneous materials,
efore applying the solver in simulating more complex problems such
s fluid-solid CHT problems in flow channel and heat exchangers. The
PH results have been compared against the analytical and other numer-
cal solutions and good agreement has been found. For all the fluid flow
imulations presented in the current work, we have activated the shift-
ng algorithm as we have found that it can promote numerical stability
hile simulating flow cases of high Re . 

The current work has presented the fully-coupled approach while
olving the energy equations in fluid and solid domains. This approach,
owever, would be computationally expensive if the time scale disparity
etween the fluid and solid domains is large. A loosely coupled approach
ight be more appropriate for practical applications. Also, the implicit
783 
ime marching scheme could be implemented so that a larger time step
ize could be employed. 
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